Previous results for the pair production probability in a strong electric field with a finite longitudinal separation are generalized to the case of a finitelength flux tube with transverse confinement. The threshold length of the flux tube, below which pair production cannot occur, increases as a result of transverse confinement.
I. INTRODUCTION
The Schwinger particle production mechanism has found applications in many branches of physics [1] - [7] . It was originally derived [1] using the Green's function and gauge invariance for the case where the strength of the Abelian electric field is a constant in the whole configuration space. For many physics applications, the field strength exists only in a limited region of space. For example, in quantum chromodynamics (QCD), the color flux tube is a useful concept, as it explains many qualitative features of nonperturbative phenomena such as confinement, Reggeon trajectories, and particle production [2] - [7] . The potential energy of a flux tube is linearly proportional to their separation. Hence, we can approximate the field between the particle-antiparticle pair by a constant Abelian electric field, as in the case studied by Schwinger. The electric field strength is non-zero only in a finite spatial region.
It is of interest to consider the case of the Schwinger production mechanism for which the electric field is restricted to a finite longitudinal and transverse region.
Previously, Wang and Wong ( [3] , which we shall call I) studied the Schwinger particle production mechanism for the case where an electric field exists only between two parallel condenser plates at a finite longitudinal separation. The transverse dimension is taken to be infinite. The Klein-Gordon and the Dirac equations are solved in this field. The transmission amplitude, which is related to the probability for pair production, was worked out and written explicitly in terms of parabolic cylinder functions for bosons and confluent hypergeometric functions for fermions [3] . It is found that pair-production occurs only when the longitudinal separation is greater than m 0 /σ where m 0 is the rest mass of the produced particle and σ is the string tension. The pair-production probability is much suppressed when the separation just exceeds the threshold value. The probability also shows oscillations due to the finite separation. The same problem was examined by Martin and Vautherin using Schwinger's Green's function formalism and Balian and Bloch's multiple reflection expansion method [8] . Martin and Vautherin also studied the effect for the case with a transverse boundary.
Subsequently, Pavel and Brink [9] introduced the scalar potential m(r) in the transverse direction to study a flux tube of finite transverse radius. They examined a flux tube with a sharp transverse boundary and infinite longitudinal length, which was also studied by Sailer et al. [10] and Schöfeld et al. [11] . They obtained pair-production probability which was found to be suppressed due to the finite radius of the tube. Sailer et al. [10] and Schöfeld et al. [11] also calculated the transverse momentum distribution for a flux tube with a sharp boundary. In a recent work, Gatoff and Wong [12] studied the low p T spectra in terms of a smooth-varying transverse potential. The Dirac equation was solved by using the method of separation of variables of Pavel and Brink [9] . The effect of including an additional scalar potential rising linearly with the absolute magnitude of the longitudinal coordinate was investigated by Warke and Bhalerao [13, 14] . Pair production in the color dielectric model with a smooth transverse boundary has been investigated by Flintoft and Birse [15] .
Previous works of Schwinger mechanism with transverse confinement deals with a color flux tube of infinite longitudinal length. We wish to investigate in this paper the case of the Schwinger particle production mechanism for a finite-length flux tube with transverse confinement for both bosons and fermions. As the pair production probability depends on the transmission amplitude for longitudinal incident waves, it is necessary to introduce the incident, the reflected and the transmitted waves. In Refs. [9] and [12] , no explicit prescription was given to separate the longitudinal incident waves and the transmitted waves.
In the work of Pavel and Brink [9] for fermions, the longitudinal component of the wave function are different for different spinor components (see Eq. (3.7) and (3.11) of Ref. [9] ) and the formulation of the transmission and reflection of incident waves to obtain the pair production probability was not carried out. We wish to report here a different method of separating variables, by following the representation of our earlier work in Ref. [3] . With this representation, the longitudinal wave function can be completely factorized out from the transverse wave function in the spinor form (see Eqs. (3.2) and (3.4) below). Therefore, we can introduce explicitly the longitudinal incident, reflected and transmitted waves. This method provides a formalism for calculating the transmission amplitude for the general case of a flux tube of finite longitudinal length L and a smooth varying transverse confining scalar potential. The separation of the incident and transmitted waves turns out to be just a generalization of the previous results in I (Ref. [3] ). The results on the transmission amplitude and reflection amplitude from Ref. [3] can be used directly for the case with transverse confinement by replacing the continuous transverse mass m ⊥ of I with the discrete eigenvalues when there is a transverse confining potential. Thus, in the application of the Schwinger mechanism for particle production, the proper mass involved in the production process is not the rest mass but the transverse mass, including the effect of the transverse zero-point motion.
II. BOSONS IN A STRONG FIELD
We consider first a boson of mass m 0 in a linear vector potential A = (A 0 (z), 0, 0, 0) where A 0 depends only on z and is of the form
Such a linear potentail arises, for example, in an approximate description of pair production in a flux tube of length L in QCD, where the strength parameter κ is related to the string tension σ (κ = 2σ in [7, 3, 4] ). We study the case where the transverse motion of the boson is restricted and described by a transverse scalar potential m(r) which includes the rest mass m 0 . The equation of motion of the boson is the Klein-Gordon equation:
2)
The solution of the equation can be written in the form φ(r, ϕ, z) = R ν (r)e iνϕ f (z), which allows the equation to be separated into the set of coupled equations
3) The equation for φ is
We note that α 3 , J z = 0, where J z = −i∂/∂φ + σ z /2 is the third component of the angular momentum operator. Furthermore, both J z and α 3 commute with the operator acting on φ(r, φ, z) in Eq. (3.3). Therefore, we may choose the φ(r, ϕ, z) to be factorized as
with ρ ην (r, ϕ) to be simultaneous eigenfunctions of α 3 and J z . Upon using the representation in Ref. [3] , the eigenfunction of α 3 satisfying α 3 µ λ = η λ µ λ are
with η 1,2 = +1 and with η 3,4 = −1. Thus, the eigenfunctions of J z satisfying J z ρ ην = (ν + σ z /2)ρ ην are
The Dirac equation can be easily separated into the set of equations
where
When m(r) = constant, the two functions are decoupled.
Note that in the transverse direction the positive and negative energy states are degen- To determine these amplitudes, we match the wave function f ην (z) and f ′ ην (z) at z = 0 and z = L. It can be shown after tedious algebra that the transmission probabilities for f η=+1,ν (z) and f η=−1,ν (z) states are equal. Therefore, it is necessary to discuss only the case of f η=+1,ν (z) explicitly.
Since the transformation (3.2) from φ to ψ is through an operator [(p 0 − A 0 (z))β − γ · p + m(r)], which contains the operator "∂/∂z", the continuity of the wave function ψ at z = 0 and z = L will require continuity for both f ην (z) and f ′ ην (z) at these boundaries. Making the transformation from z to ξ by ξ = (κz + E) 2/κ, the longitudinal solutions in Regions I and III are just harmonic waves. For Region II, the longitudinal equation (3.7)
Eqs. (3.10) and (3.11) are identical to Eqs. (3.9) and (2.8) of I. Hence, the solutions in I can be used directly here by making the replacement
as shown by Pavel and Brink [9] .
IV. THE PAIR-PRODUCTION PROBABILITY
A particle-antiparticle pair is spontaneously produced in the strong field when a particle in a negative-energy state E with a momentum −|p z | tunnels from the negative energy continuum to the positive energy one [3] . By choosing the incident amplitude I to be unity, the transmission amplitude T (E) is the probability amplitude for the transmission of a particle from Region I to Region III with the accompanying creation of an antiparticle in Region I. For an incident particle with an energy E the probability for a pair production is then |T (E)| 2 . The threshold flux tube length, below which no pair production can take place, is 2m ⊥ /κ. Because m ⊥ is greater than the rest mass m 0 due to the zero-point motion, the threshold length of the flux tube increases as a result of transverse confinement. For a given length L, we need to consider only a finite number of transverse excited states with
kL. The longer the flux tube, the greater will be the number of transverse states that can be produced.
In the case without a boundary, the transverse mass m
variable, but in a flux tube the transverse mass assumes discrete values. Therefore, in evaluating the pair production rate the phase-space integral in the transverse direction,
with the transverse area A, is replaced by a summation over the finite number of transverse states, ην . For each transverse state, the integral in the longitudinal momentum is
With the replacement of the continuous integral in p ⊥ by the discrete summation in Eq.
(4.12) in [3] , the particle production rate becomes [17] 
Since φ ην (r, ϕ) is properly normalized, and ψ † ην (r, ϕ, z)ψ ην (r, ϕ, z) is independent of z, we have
Therefore, we have
These limits are important for a numerical calculation, especially for the rate near the threshold or for high transverse excitations. In the continuous limit where the transverse area A is large, the formula for the rate of pair production given in Ref. [3] is recovered except for the explicit limits on the integral of p z .
V. CONCLUSIONS AND DISCUSSIONS
It was recognized by Pavel and Brink for an infinitely long flux tube and fermion pairs that the pair production probability for the case with transverse confinement can be obtained by replacing the continuous mass with a discrete set of m ⊥ [9] . Generalizing this result to the case with a finite longitudinal length, for both fermion and boson pairs, the pair production when the longitudinal separation is greater than the threshold length 2m ⊥ /κ which increases as a result of transverse confinement. Furthermore, the pair-production probability is much suppressed when the separation just exceeds the threshold value. The probability also shows oscillations due to the finite separation [3] . In contrast, in the case without transverse confinement, the mass which needs to tunnel through the barrier in the longitudinal direction
T is a continuous variable. The lowest transverse mass with p T = 0 is just the rest mass of the particle m 0 .
The above results shed light on the values of masses one should use in the application of the Schwinger mechanism to examineproduction [2, 4] . There, it is often a question whether one should use the current quark mass (of a few MeV for u and d quarks) or the constituent quark mass (which is of the order of a few hundred MeV), for the threshold of pair production. Our analysis of the transverse boundary indicates that the proper mass one should consider for the Schwinger mechanism is neither the current mass nor the constituent mass but the transverse mass m ⊥ which depends on the current quark mass m 0 , the finite transverse dimension of the flux tube, and the transverse state quantum number ν of the particle. It includes the zero-point energy of the transverse motion, which is of the order of h/(flux tube radius). With a flux tube radius of the about 0.5 fm, the transverse zero-point energy is of the order of a few hundred MeV. The transverse mass m ⊥ is therefore about a few hundred MeV, for the production of particles in the lowest transverse state.
